In this paper, we introduce the tilings of a 2×n "triangular strip" with triangles. These tilings have connections with Fibonacci numbers, Pell numbers, and other known sequences. We derive several different recurrences, establish some properties of these numbers, and give a refined count for these tilings (i.e., by the number and type of triangles used) and establish several properties of these refined counts.
Tiling with the triangular strip
A well known combinatorial interpretation of the Fibonacci numbers (i.e., F (0) = 0, F (1) = 1, and F (n) = F (n − 1) + F (n − 2)) is the tiling of a 2 × (n − 1) rectangular strip with vertical and horizontal dominoes. For example F (5) = 5 and there are 5 tilings of the 2 × 4 strip:
This interpretation can be used to give combinatorial proofs of many interesting properties of the Fibonacci numbers (see [1] ).
We want to explore a variation of tiling on a board which shares many similar properties. Namely we want to consider tiling a 2 × n "triangular strip". This consists of a parallelogram constructed from 4n equilateral triangles which has two rows of 2n triangles. As an example, the 2 × 6 triangular strip is shown below.
There are four types of triangles available for us to use for tiling this strip, i.e., which we will denote as 1 + , 1 − , 2 + , and 2 − respectively, the latter two of which we will sometimes call the large triangles.
Observation 1. The number of ways to tile the 2 × n triangular strip using triangles of type 1 + , 1 − , and 2 + is F (n + 1), i.e., the same as in tiling the rectangular strip. By rotating the board 180
• the same result holds for tiling with triangles of type 1 + , 1 − , and 2 − .
As an example the five ways to tile the 2 × 4 triangular strip are shown below. The observation follows by noting that in both cases the tiling can be determined by reading along the bottom edge.
We will use this several times to connect our tilings with Fibonacci numbers. In general we are interested in the number of tilings which use all four of the types of triangles. We first determine a recursion formula that these tilings satisfy.
Theorem 2. Let I(n) denote the number of tilings of the 2 × n triangular strip using triangles of type 1 + , 1 − , 2 + , and 2 − . Then I(1) = 1, I(2) = 4, I(3) = 8 and for n 4 I(n) = I(n − 1) + 3I(n − 2) + I(n − 3).
Proof. The tilings for n = 1, 2, 3 are as follows:
For n 4, we note that we can group the tilings together in five groups based on the possible ends of the tilings. In particular, each tiling must end in one of the following five patterns:
To complete the tilings, in the first group we have the number of ways to tile a 2 × (n − 1) board; in the next three groups we have the number of ways to tile a 2×(n−2) board; and in the final group we have the number of ways to tile the 2 × (n − 3) board. Combining these together gives the desired recursion. Using the recurrence and initial conditions, we can obtain the first few terms of the sequence I(n) as follows: This is sequence A097076 in the OEIS [5] , which has been studied before, but this gives the first combinatorial interpretation of the sequence.
In the rest of this paper we will further explore this tiling and this sequence and establish several properties using various methods (i.e., combinatorial proofs, generating functions, etc.). In Section 2 we will briefly discuss other possible boards that could have been tiled and show a connection with Pell numbers. In Section 3 we will establish various recursive properties and identities of the sequence. In Section 4 we will refine our counting of the tilings by the types of triangles used and establish several basic facts. We finally conclude with some comments and open problems in Section 5.
Tiling other kinds of boards
There are several different triangular boards that can be used and depending on which board we settle on we get slightly different (but closely related) sequences. In particular, there are essentially four "natural" boards that we could consider. namely:
We will let I(n), V (n), Y (n), and X(n) denote the number of such tilings of these boards where n is the length of the middle run. (The choice of notation comes from the shape of the board when n = 1.)
We have already dealt with the sequence I(n) in the previous section. Because the second and third boards have the same right hand edge, the recursion we found in Theorem 2 still applies and it only remains to find the first few terms needed to start the recursion (we leave finding these boards as an exercise to the reader). For the second board, i.e., the sequence V (n), we get the following sequence: This corresponds to sequence A097075 in the OEIS [5] . We note that this is closely related to the sequence for I(n), as indicated in the following proposition.
Proof. Triangles of type 1 in a tiling for the board for V (n) or I(n) will occur in groups of four, so for any tiling we find the first occurrence of one of these groups and perform one of the following operations wherein we flip the first part of the board:
the electronic journal of combinatorics 21(1) (2014), #P1.7 This is an invertible map between the first and second board that does not change the length of the middle run. Thus we have a near bijection between the two tilings. The only time this fails is if we have no triangles of type 1 available for us to apply this operation. For n odd there is one such tiling for the second board (i.e., for the V (n)) and none for the first (i.e., for the I(n)). For n even there is one such tiling for the first board (i.e., for the I(n)) and none for the second (i.e., for the V (n)). This establishes the result.
For the third board, i.e., the sequence Y (n), we get the following sequence: These are the Pell numbers (it is easily checked that the Pell numbers satisfy the recursion in Theorem 2 and the first few terms agree), which is sequence A000129 in the OEIS [5] . The tilings of this board provide a new combinatorial interpretation of the Pell numbers. (Note that previously a different interpretation involving tiling the 1 × n rectangular strip with dominoes and two types of monomoes has been used to count Pell numbers and establish combinatorial properties, see [3] .)
We can take the tilings of the third board and split them into two groups based on whether or not there is a 2 − which uses the first small triangle on the upper left. If there is, then the remainder of the board to tile is a 2 × (n − 1) strip. If there is not, then the remainder of the board to tile is a 2 × n strip. This proves the following. For the fourth board we cannot directly appeal to the recursion but we can group by what the end of the board looks like. The main difference in this case is that there are many ways to pull off the end of the board. We have the following where the term underneath indicates how many ways to tile the remainder of the board:
Therefore we can conclude
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The final "+2" on the end accounts for the two exceptional cases where we have alternating 2 + and 2 − triangles all the way across the board. Taking the difference of two consecutive terms we can conclude that the recurrence satisfies This corresponds to the sequence A001333 in the OEIS [5] . This sequence has arisen frequently and tilings of this board gives a new combinatorial interpretation of these numbers.
Recurrences and identities
In this section we return to focusing on our sequence I(n) and establish several properties. We will adopt the convention that I(0) = 1 and let I(x) = j 0 I(j)x j . From the recursion in Theorem 2 we can derive an expression for the generating function
.
From this we can find an explicit expression for I(n), namely
We can use the generating function and the explicit solutions to establish some various properties of this sequence.
Proposition 5. The sequence I(n) can be defined as I(0) = I(1) = 1 and for n 2
n .
This can be proved by showing that this recurrence produces the same generating function as given above, we omit the details here.
A more surprising result can be found by looking at the factorization of the first few terms. In particular the terms ≡ 1 (mod 4) appear to be perfect squares and the terms ≡ 3 (mod 4) appear to be twice perfect squares. In fact more can be said.
Theorem 6. Let I(n) count the number of tilings of a 2 × n triangular strip. Then for n 1
Proof. The proof we give is computational based on (1) and
For the first two relationships we will use the following:
For the first equation we have
For the second equation we have
For the third and fourth equations we will need the following:
For the third equation we have
Finally, for the fourth equation we have
The preceding two results show some interesting properties of the sequence, but they do not directly appeal to the interpretation of tiling the strip with triangles. We can however give several results which have combinatorial proofs which do use tilings on the strip. These are analogous to results for Fibonacci numbers. In the first case there is a clean break, so we have a 2 × m strip on the left and a 2 × n strip on the right remaining to be tiled and so this can happen in I(m)I(n) different ways. In the next three cases we have a 2 × (m − 1) strip on the left and a 2 × (n − 1) strip on the right remaining to be tiled and so for each of these this can happen in I(m − 1)I(n − 1) ways. In the fifth case we have a 2 × (m − 1) strip on the left and a 2 × (n − 2) strip on the right and this can happen in I(m − 1)I(n − 2) ways. In the sixth case we have a 2 × (m − 2) strip on the left and a 2 × (n − 1) strip on the right and this can happen in I(m − 2)I(n − 1) ways. Combining everything together yields the result.
Not only can we prove results analogous to the Fibonacci numbers using our interpretation, but thanks to Observation 1 we can also use the Fibonacci numbers themselves to help describe our new sequence.
Theorem 8. Let F (n) be the Fibonacci numbers and let I(n) be the number of ways to tile a 2 × n triangular strip. Then
Proof. By Observation 1 the number of tilings with no 2
+ triangle is F (n + 1). Now consider the collection of remaining tilings and group them together by the location of the last 2 + triangle, as in the following picture.
To the left of the last 2 + triangle is a tiling of a 2 × i strip for 0 i n − 2 which can be tiled in I(i) ways. To the right is a trapezoidal region which only can contain 1 + , 1 − and 2 − triangles which by an analogous argument to Observation 1 can be tiled in F (n + 1 − i) ways.
Finally, we give a combinatorial proof of an alternative recursion for the sequence I(n). Proof. The left hand side counts the number of ways to tile the 2 × (n + 2) strip where at least one 2 + or 2 − is used. We now show that the right hand side counts the same thing. Similar to our last result we consider the location of the last large triangle. There are two possibilities. The first is that the last large triangle is a 2 + (i.e., as in the illustration for the previous theorem). In this case there will be I(i) tilings to the left of the triangle for 0 i n and 1 tiling to the right (i.e., it only involves 1 + and 1 − triangles). This gives a contribution of I(0) + I(1) + · · · + I(n).
The other possibility is that the last large triangle is a 2 − . In this case we want to consider what can come right before that, and there are three possibilities.
In the first two cases we are left with a tiling of the I(i) board for 0 i n. In the third case we are left with a tiling of the I(i) board for 0 i n − 1. Therefore the contribution from this case is
Combining the two possibilities for the last type of large triangle now gives the result.
A refined counting of the tilings
So far we have only been concerned with the total number of tilings, but we can also refine our count by considering how many of each type of large triangle is used. In particular we will let I(n, i, j) be the number of tilings of the 2 × n triangular strip with i of the 2 + triangles and j of the 2 − triangles. We have some obvious symmetries, for example I(n, i, j) = I(n, j, i) (since we can rotate any tiling by 180
• and 2 + triangles become 2 − triangles and vice-versa). We also have a recursion similar to that in Theorem 2
which is based on examining the five endings and seeing how each one effects the length and the number of each type of large triangle.
If we add the initial conditions I(n, i, j) = 0 if n < 0, i < 0, or j < 0 along with I(0, 0, 0) = 1 and I(0, i, j) = 0 otherwise, then this completely determines I(n, i, j). We can also define a multi-variable generating function. Let
Then the above recursion along with the initial conditions give the following result
Note this reduces to our previously found generating function when p = q = 1.
We will be interested in examining what happens when we fix the number of certain types of triangles. To start we will list the value of these statistics for 2 n 9 in Table 1 . Table 1 : Values of I(n, i, j) for 2 n 9. There are many interesting properties that can be seen in these arrays. For example the first rows correspond to when we only have one type of large triangle which by Observation 1 relates to the Fibonacci numbers. And indeed the first rows correspond to the coefficients of the Fibonacci polynomials (see sequence A011973 in the OEIS [5] ). The last rows also follow a nice pattern.
Proposition 10. Let I(n, i, j) be defined as above. Then I(2n, n, j) = n j , I(2n + 1, n, j) = (n + j + 1) n j .
Proof. For the case of I(2n, n, j) we note that there are a full set of 2 + triangles, such as in the following picture when 2n = 6. This leaves precisely n holes for the j triangles of type 2 − to place in I(2n, n, j), and there are n j ways to pick which holes will be used. For the case I(2n + 1, n, j) we subdivide the count into three groups, illustrated below for n = 4, j = 2.
In the first group are arrangements where the 2 + leave a gap at the very beginning that can't be filled, as before there are n j ways to put in j of the 2 − type triangles. The second group are arrangements where the extra gap is in the middle or end but does not contain a 2 − triangle, this leaves us with n − 1 other gaps available and so there are n n−1 j (the factor n comes from choosing the location of the gap). The third group are arrangements where the extra gap is in the middle or end and does contain a 2 − triangle, this leaves us with n − 1 other gaps to put the j − 1 remaining triangles so there are 2n n−1 j−1 (the 2 comes from the two ways to fill the gap). Combining we have
We have seen that the first row sums correspond to Fibonacci numbers so we might see if a similar pattern exists for other row sums. In Table 2 is a summary of the row sum data from Table 1 . In particular, the second row sums have also appeared before as sequence A067331 in the OEIS [5] as the convolution of F (n + 1) and F (n + 3). More generally, we have the following result.
Proposition 11. Let I(n, i, j) be defined as above. Then
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Proof. This boils down to using Observation 1 and noting that after we place the 2 + triangles that the gaps between can be tiled arbitrarily with 2 − triangles. In particular the k are measuring the sizes of the gaps (with regard to the top row), such as in the following picture.
Therefore once we know the sizes of the gaps to fill we can know how many ways there are to place the 2 − triangles in this configuration. The first gap 1 can be any size, and the remaining gaps must have size at least 2. The result now follows.
Row sums fix the number of 2 + triangles we could use in a tiling. We could alternatively take "anti-diagonal" sums and get the number of tilings where the number of large triangles is fixed, i.e., consider i+j=m I(n, i, j).
The first few values of these sums are given in Table 3 . Remarkably, this entire table has already appeared as sequence A217874 in the OEIS [5] , but in a completely different setting. Namely this is related to the figurate numbers for the n-dimensional cross polytope (see [2] ). We give a direct count for these values. The key to the proof will be in giving another interpretation of these tilings. In particular for every such tiling we can associate it with a sequence where the values indicate the gaps in the placements. In particular, when the gap forms a parallelogram we will associate it with the length of the middle segment between the two; and when the gap is a trapezoid then we will associate it with the negative of the length of the middle segment between the two. Note the last gap term is superfluous and will be dropped. An example is shown below for n = 20 and the sequence (3, 1, −2, 0, −5, −2).
The problem now boils down to understanding what sequences are possible, In particular, we will group them by sign changes and determine the number inside of each group via a "bars and stars" argument. To help illustrate the proof we demonstrate what is possible for n = 5 and m = 2 in Figure 1 .
Proof of Theorem 12. We need to determine two things, how to group patterns together, and for a given group of patterns how many tilings are possible.
For the groups we will read off the types of triangles from left to right where we associate the left edge or a 2 − with a "−", and the right edge or a 2 + with a "+". As an example, for n = 5 and m = 2 our sign patterns are the following: . Given any sign pattern we need to determine the number of tilings associated with that pattern. To do this we first pack the pattern tightly starting with the left. Each time there is a sign change we can pack tightly with no gap, but when there is no sign change we will have four triangles needed to fill the gap. In particular we have the following: extra columns = 4n − 4m − 4 m + 1 − (#sign changes) 4 ,
where extra columns indicates how many columns are not covered by part of a large triangle, i.e., how much we have available to rearrange. On the right hand side we start with 4n small triangles total, take off 4 triangles for each large triangle in the packing, and then take off 4 for every time a sign did not change (i.e., there are m + 1 possible sign changes and we take off the sign changes). If we let 2k + 1 be the number of sign changes we have extra columns = n − 2m + 2k.
If this is negative then we cannot even pack the triangles in as tightly as possible and so there are 0 packings associated with the pattern. On the other hand if this is non-negative then we can distribute the extra columns that we have among the m + 1 different gaps between the triangles. This can be done in different ways. Finally we combine the two results together to get the desired formula.
Conclusion
In this paper we have looked at ways to tile the triangular strip. We have seen that this has connections with the Fibonacci numbers and that the resulting sequence of numbers has many beautiful recurrences and properties. There are still a number of avenues left to explore and we mention several of these here.
• We saw that related tilings could be associated with the Pell numbers and with sequence A001333 in the OEIS [5] . It would be interesting to explore combinatorial proofs using these tilings to give new identities and properties of these sequences.
• In Proposition 5 and Theorem 6 we established some properties of the sequence I(n) but did not use combinatorial proofs for these results. A combinatorial explanation has been subsequently found by Shattuck and will appear in a forthcoming paper [4] .
• One could consider larger triangular boards and with larger possible sets of triangles and ask for the number of tilings.
We look forward to seeing more progress on the above questions and related problems in future work.
